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Abstract
Area laws are a far-reaching consequence of the locality of physical interactions, and they are relevant in a range of systems, from black holes to quantum many-body systems. Typically, these laws
concern the entanglement entropy or the quantum mutual information of a subsystem at a single
time. However, when considering information propagating in spacetime, while carried by a physical
system with local interactions, it is intuitive to expect area laws to hold for spacetime regions. In
this work, we prove such a law for quantum lattice systems. We consider two agents interacting
in disjoint spacetime regions with a spin-lattice system that evolves in time according to a local
Hamiltonian. In their respective spacetime regions, the two agents apply quantum instruments to
the spins. By considering a puriﬁcation of the quantum instruments, and analyzing the quantum
mutual information between the ancillas used to implement them, we obtain a spacetime area law
bound on the amount of correlation between the agents’ measurement outcomes. Furthermore, this
bound applies both to signaling correlations between the choice of operations on the side of one
agent, and the measurement outcomes on the side of the other; as well as to the entanglement they
can harvest from the spins by coupling detectors to them.

INTRODUCTION

How much information is available to an observer, given access to a spacetime region,
about the rest of spacetime? Because of the locality of physical interactions, the boundary
of the region seems most relevant for information acquisition. Intuitively, we might expect
this information to scale proportionally to the size of the region’s boundary.
We shall address this question within the framework of quantum lattice systems. The
investigation of quantum information properties of such systems is of great interest in itself, as they have profound implications both on the ﬁeld of condensed matter physics and
on quantum computing. Furthermore, such systems can serve as lattice approximations
of relativistic quantum ﬁeld theories. The vacuum state of such theories displays a rich
entanglement structure [1–3] which can be ‘harvested’, i.e. it is possible to produce an entangled state of two initially uncorrelated detectors by making them interact with the ﬁeld
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alone [4–9]. Fundamental bounds on such entanglement harvesting are also of great interest.
In quantum lattice systems with local interactions, the Lieb-Robinson bound provides a
limit on the speed of propagation of information [10]. As a result, an eﬀective light-cone
structure emerges. In Ref. [11] it was shown that an observer, Bob, eﬀectively cannot detect
whether or not Alice has manipulated her part of the system in the past, if he performs
measurements outside of her light cone. It was further shown that correlations between
parts of the system can not be created by the time evolution in time intervals shorter than
that needed for a signal, traveling at the Lieb-Robinson velocity, to reach from one part to
the other.
Area law bounds on the entanglement entropy are a further consequence of the locality
of interactions. First studied in relation to black hole thermodynamics [12–15], they were
observed to hold in ground states of non-critical quantum lattice systems (see Ref. [16]
for a review). They deal with the entanglement structure of speciﬁc states, e.g. ground
states of local Hamiltonians, or their thermal states [17]. Yet another property of local
Hamiltonians [11, 18] is that the rate at which they generate entanglement between two
regions of the lattice is governed by an area law.
The mentioned results provide bounds on the amount of information that can be shared
between regions. In each bound the amount of information scales with the size of the region
considered. It is worth noting that the scaling is not the same in all bounds. In the LiebRobinson bound there is a prefactor which scales with the volume of the smaller of the
two regions [11], as opposed to the area law results. Scaling with time appears only in
the results about entanglement rates, Refs. [11, 18]. All these results demonstrate how the
locality of interactions restricts the propagation of information between spacetime regions.
The question of its overall spacetime scaling, however, remains open.
To address this question, we adopt an operational deﬁnition for the notion of propagation of information between spacetime regions. We consider two agents, Alice and Bob,
restricted to probing a time evolving lattice spin system in disjoint spacetime regions, using
quantum instruments of their choice. We consider both signaling and non-signaling correlations between the settings and the outputs of the measurement devices used by Alice and
Bob.
3

In this article we prove a spacetime area law bound on correlations in the presence of local
dynamics. We show that both the maximal correlation between measurement outcomes, and
the maximal signaling capacity between spacetime regions, are bounded by the area of the
boundary separating them. Note that this is a co-dimension 1 surface in spacetime whereas
the above mentioned results regarding entropy area laws for spacetime regions [12–15] refer to
the area of a co-dimension 2 surface in spacetime. We prove this bound for ﬁnite-dimensional
quantum lattice systems in which time evolution is governed by local Hamiltonians, and for
one-dimensional quantum cellular automata.
We shall employ puriﬁcations of the instruments used to probe the system. This will be
shown to reduce the problem of bounding correlations to that of bounding the von Neumann
entropy of the reduced state of ancillas used for the puriﬁcation of Alice’s instruments. Apart
from serving as a computational aid, the puriﬁed setup highlights the aﬃnity of our setup
to that of entanglement harvesting [4–9] where such ancillas are called probes or detectors.
ρin

ρout

=

U

ρin

ρout

|0i
FIG. 1. Equivalent representations of a puriﬁed quantum instrument. The recorded measurement
outcome is produced by a projective measurement (represented by the dashed half circle) of the
ancilla system (initially in the state |0i). This measurement can be deferred to a later time. The
LHS shows the details of the puriﬁcation. The RHS representation is an isometry from the input
space to the output and ancilla spaces. When consecutive measurements are performed on a system,
the resulting state of the ancilla systems at the end of the process admits a matrix product state
representation which is obtained by concatenating copies of the RHS [19].

The most general quantum instrument can be implemented by introducing an ancillary
quantum system in a pure state (which we denote by |0i); applying a unitary on both system
and ancilla; and performing a projective measurement on a part of the composite system to
obtain the recorded measurement outcome and the corresponding post-measurement state
of the system [20]. When performing a sequence of measurements, each one involving a fresh
ancillary system, such projective measurements can be deferred to the end of the overall
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process. Up to that point, the physical system and the ancillas undergo a joint unitary
evolution. In Ref. [19] it was shown that the resulting state of the ancillas (before the
projective measurements are made) can be represented by a matrix product state [21]. This
is illustrated in Fig. 1. Following the same approach, we will represent the state of the
ancillas after the measurement process as a tensor network state [22].

RESULTS

For the sake of clarity we shall ﬁrst present the setting of the problem for a system in one
spatial dimension. In this case, the graphical representation of the problem is instructive and
easy to follow (see Fig. 2). The generalization to higher spatial dimensions is straightforward
and our results apply to spin lattices of any spatial dimension.
Consider a ‘spin’ chain, i.e. identical d-dimensional quantum systems positioned on a
one-dimensional lattice. Let H be the Hilbert space representing one such spin, we denote
by L(H) the space of linear operators on H. Let the chain initially be in an arbitrary state

ρ0 ∈ L H⊗N and evolve in time according to a unitary time evolution generated by a ﬁnite
P
range interaction Hamiltonian H = i hi , where the sum runs over all spins i in the chain,
each term hi has a ﬁnite range, R, and acts on at most n(R) spins contained in a ball of radius

R around spin i. We assume that the interaction strength is bounded by khk := supi khi k
for any size of the lattice. For brevity we present the proof in the case of strictly ﬁnite range
Hamiltonians. The same proof works for Hamiltonians with suﬃciently strongly decaying
interactions, precisely, for quasi-local Hamiltonians as per Ref. [18].
At times (t1 , t2 , . . .) a quantum instrument acts separately on each spin (for now, assume
that this happens instantaneously, we shall relax this assumption in Result 2). The diﬀerent
measurements (we use the terms measurement, quantum operation and quantum instrument
interchangeably) are performed at spacetime points (x, t), where x is the position of the spin
in the chain and t is the time of the measurement. We purify each measurement device,
thereby associating to each spacetime point an ancillary quantum system. The state of the
ancillas after interacting with the spins is given by the tensor network state shown in Fig. 2.
Let A be a spacetime region comprised of X neighboring spins and spanning a time
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Consecutive local operations followed by Hamiltonian time evolution realize a tensor

network state of the ancillas used to perform the operations. The circles on the left represent
the initial state. The white squares represent local instruments with the upward pointing legs
representing the ancillas, as in Fig. 1. The shaded rectangles represent the unitary time evolution
operators. A is the spacetime region of interest. X is the number of spins on which measurements
in A are performed - the spatial extent of A. T = τ ∆t is the total duration of A in time, where τ
is the number of time steps and ∆t is the duration of time evolution between measurements.

interval of duration T = τ ∆t, where τ is the number of time steps and ∆t is the length of
time evolution between measurements (see Fig. 2). We measure the spatial extent of a system
in units of the lattice spacing, so that in one dimension, length is equal to the number of
spins. For ease of notation, the time intervals between measurements are taken to be equal.
The same result holds for arbitrary time intervals. Alice controls the measurements inside
the region A and Bob the ones outside of it.
We shall formulate our bound in terms of the quantum mutual information between the
ancillas associated to the measurements performed by Alice and the rest of the system (which
includes Bob’s ancillas and the physical spins at the end of the measurement process).
The quantum mutual information of a bipartite quantum system in a state ρ ∈ L(HA ⊗
HB ) is given by [20]:
I(A : B)ρ = S(ρA ) + S(ρB ) − S(ρ) ,
where S(ρ) = − Tr ρ log ρ is the von Neumann entropy and ρA = TrB ρ is the reduced state
6

of the system A.
Before stating our results, we demonstrate that the quantum mutual information between
the ancillas purifying the agents’ instruments is an upper bound on the operational quantities
of interest, namely: (a) the classical mutual information between measurement outcomes of
Alice and Bob; and (b) the classical channel capacity from Alice’s instrument settings to
Bob’s outcomes when signaling is considered. Further note that the distillable entanglement
is also bounded by the quantum mutual information [23].
Quantum mutual information is non-increasing with respect to applying completely positive and trace preserving (CPTP) maps separately on each subsystem [20]. In particular,
tracing out parts of subsystems does not increase mutual information. We therefore assume
w.l.o.g. that the initial state of the spins is pure. If it were a mixed state, we could consider
a puriﬁcation, and the mutual information would only be higher. For a pure system the
quantum mutual information is equal to twice the von Neumann entropy of the reduced
state.
The same monotonicity property further implies that the classical mutual information
between the probability distributions for the outcomes of measurements performed by Alice
and those performed by Bob, is bounded by the quantum mutual information (point a).
To see this recall that those measurement outcomes are obtained by performing projective
measurements on the ancilla systems and note that the map which transforms the state of the
ancillas to a diagonal density matrix which encodes the probabilities for the measurement’s
outcomes is CPTP.
When considering a signaling scenario in which Alice can choose an instrument setting
a with probability p(a), we can encode this probability distribution in the state of an addiP p
tional ancilla |pi = a p(a)|ai and apply diﬀerent unitaries conditioned on this state. As
above, we can then bound the classical mutual information between p(a) and the probability
distribution governing Bob’s outcomes. If our bound does not depend on the distribution
p(a) (as will be the case in our Results 1 and 2, since both do not depend on the initial
state of the ancillas), then the classical channel capacity [20] from Alice’s choice of settings
to Bob’s outcomes is also bounded (point b above).
Note that in the case of one spatial dimension, if the evolution between time steps is
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given by a matrix product operator [24] (this is exactly the case when the spins’ evolution
is governed by aquantum cellular automaton [25], since those have been shown to coincide
with translationally invariant matrix product unitary operators [26]), then the proof of a
spacetime area law bound on the quantum mutual information follows immediately from the
representation of the state of the ancillas as a two-dimensional tensor network state in Fig. 2.
To see this note that tensor network states obey an area law bound on the entanglement
entropy of subsystems [22]. Replacing the time evolution operators in Fig. 2 by matrix
product operators we see that the number of bonds cut by the red line deﬁning Alice’s
subsystem equals the area of the spacetime region A (= 2T + 2X). Thus we obtain an upper
bound on the entropy of Alice’s reduced density matrix which is proportional to |∂A|.
We shall now state our results for spin lattices of any spatial dimensions.
Result 1. Let a spin lattice in D dimensions, with each spin described by a d-dimensional
Hilbert space, initially be in a state ρ0 , and let the spins evolve in time according to a finite
P
range Hamiltonian H = hi with range R and bounded interaction strength khk = supi khi k

independently of system size. Let arbitrary quantum instruments be applied individually on

each spin at times (t1 , t2 , . . .). Let Σ be a subset of the lattice and let (tα , tβ ) be a time
interval so that together they define a spacetime region A = Σ × (tα , tβ ). Let ρ be the state
of the combined system of spins and ancillas at the end of the measurement process; then
there exists a constant C > 0 which depends only on D and R, such that the following bound
holds for the quantum mutual information between the ancillas (denoted A) corresponding to
measurements performed inside the region A and the rest of the system Ā:
I(A : Ā)ρ ≤ Ckhk|∂A| log d ,
where |∂A| = 2|Σ| + T |∂Σ|, with T = tβ − tα (assuming equal time steps T = τ ∆t) and
where ∂Σ denotes the boundary of the region Σ and | · | counts the number of elements in a
set.
The proof of Result 1 is given in the methods section below. From the proof it will
become clear that the same bound holds even when both Alice and Bob are allowed to
perform collective measurements within their regions at each time step, as well as, when
8

they are allowed to reuse ancillas from previous time steps for their measurements. This
observation leads to the following extension of Result 1 to a setting where measurements are
continuous in time, particular cases of which are entanglement harvesting scenarios.
Result 2. Let a and b be arbitrary finite dimensional ancillary systems; let Σ be a subset of
the spin lattice and Σ̄ be its complement; and let H0 be a finite range Hamiltonian for the spins
with range R as in Result 1. Let the system initially be in a pure state |ψiΣΣ̄ ⊗|0ia ⊗|0ib . Let
T = (tα , tβ ) be a time interval of length T = tβ − tα and let the time dependent Hamiltonian
of the system be
H = H0 + Hb,Σ̄ + (1 − XT )Hb,Σ + XT Ha,Σ ,
where HX,Y denotes a time dependent interaction Hamiltonian between systems X and Y ;
and XT (t) the indicator function of the interval T (equals unity for t ∈ T and zero otherwise).
For any t ≥ tβ , the quantum mutual information between the ancillas a and b satisfies:
I(a : b)(t) ≤ Ckhk(2|Σ| + T |∂Σ|) log d ,
were the constant C depends only on D and R as in Result 1;
The proof of Result 2 is given in the methods section below.

DISCUSSION

We have considered local operations performed on a lattice spin system evolving under
local dynamics. We showed that the mutual information between outcomes of local measurements is bounded by a spacetime area law. In particular, the amount of classical information
that an agent, localized within a spacetime region, can send outside or infer about the outside is at most proportional to the area of the region’s boundary. Agents trying to harvest
entanglement from the spin lattice by coupling detectors to it will run into the same bound.
The results obtained in the present article complement the results in Ref. [11]. There,
the Lieb-Robinson bound is used to determine where information can travel in (discretized)
spacetime. Our result bounds how much of it can be shared between spacetime regions.
Furthermore, this work is a rigorous demonstration of an intuitively compelling idea that
9

provides a link between quantum information and spacetime geometry. This idea, that information travels across boundaries of spacetime regions, is at the heart of a recent approach
to the foundations of quantum theory [27, 28] where it is used to motivate the association
of quantum states to boundaries of arbitrary spacetime regions.
The proven bounds hold independently of the instruments used, the details of the puriﬁcation and of the dimensions of the ancillary systems, and can be, therefore, regarded
as an intrinsic property of the dynamics. Based on this observation, we suggest that the
maximal mutual information between ancillary systems of measurement devices can be used
as a measure of correlation intrinsic to a general quantum process. We discuss this further in
Appendix A. There we deﬁne the proposed measure precisely within the process matrix formalism [29]. This discussion is intended mainly for readers interested in various operational
approaches to multipartite signaling quantum correlations [29–34].
We have restricted our analysis to ﬁnite-dimensional systems in a non-relativistic setting.
In relativistic quantum ﬁeld theory, the dimension of the local Hilbert space at one spacetime
point is inﬁnite, which makes the results presented here unapplicable a priori. However, it
seems reasonable to expect that a similar result should hold for relativistic quantum ﬁeld
theories which can be accurately simulated by a spin lattice with local interactions (see e.g.
[35–37]). We expect that by restricting the admissible initial states and Hamiltonians, similar
bounds could be obtained for regularized quantum ﬁeld theories. We leave these questions
for future study.

METHODS

We ﬁrst prove Result 1. As in the results section, we begin by considering the onedimensional case. Consider the following division of the spins and ancillas into three sets:
(A) the ancillas inside the region A (encircled by the dashed red line in Fig. 2); (B) the
spins which Alice measures; and (C) the rest of the spins and ancillas. The sequence of
measurements can now be represented by the circuit diagram in Fig. 3, which is key to
understanding how the subsystem A gets entangled with the rest of the system.
Denote by t0 the time of the last measurement which precedes the measurements inside
10
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FIG. 3. The circuit representation of Fig. 2. As described in the main text, subsystem A consists
of the ancillas inside the region A (encircled by the dashed red line in Fig. 2); subsystem B consists
of the spins which Alice measures; subsystem C consists of the rest of the spins and ancillas. The
white gates correspond to the action of the instruments (unitary interaction between spins and
ancillas). The shaded gates represent the unitary time evolution. The time axis is aligned with
that of Fig. 2.

A, let tm := t0 + m∆t and let tf be the time of the ﬁnal measurement. From tτ onward the
system A does not interact with the system BC (see Fig. 3), therefore the entropy of A at
the end of the entire process, SA (tf ), which is the quantity which we wish to bound, is equal
to SA (tτ ).
In the time interval (t0 , tτ ) systems AB and C interact only via the time evolution operators acting on the physical spins. The Small Incremental Entangling (SIE) theorem proved in
Refs. [18, 38] bounds the rate of entanglement generation by the time evolution operator and
allows us to bound the increase of SC = SAB with each time step. Using a Trotter expansion
of the time evolution operator, it is easily shown that the only terms in the Hamiltonian able
to generate entanglement (increase SC ) are the ones that act across the boundary between
systems B and C. When there are M such terms, i.e. when the Hamiltonian decomposes as
P
i
H = HC + HB + M
i=1 HCB , and when each term is supported on at most n spins, the SIE

theorem implies that the change of the entropy SC after evolving for a (ﬁnite) period of time
∆t is bounded by
∆S := |SC (∆t) − SC (0)| ≤ c∆tM(n − 1)khk log d ,
where c is a numerical constant from the SIE theorem.
11

In the 1D case, M - the number of interaction terms between systems B and C, is equal
to 2(n − 1). Next, bound the total increase in SC in the time interval of interest by

SAB (tτ ) = SC (tτ ) ≤ SC (tτ −1 ) + ∆S
≤ SC (tτ −2 ) + 2∆S ≤ . . . ≤ SC (t0 ) + τ ∆S

(1)

= SAB (t0 ) + τ ∆S = SB (t0 ) + τ ∆S ,
where in the last step we used the fact that at time t0 the system AB is in a product state
and the state of A is pure. Using the triangle inequality for SAB [39] and Eq. (1) we obtain
|SA (tτ ) − SB (tτ )| ≤ SAB (tτ ) ≤ SB (t0 ) + τ ∆S .
Recalling that SA (tτ ) = SA (tf ) we obtain
SA (tf ) ≤ SB (t0 ) + SB (tτ ) + τ ∆S ≤ 2 log(dB ) + τ ∆S ,
where dB is the dimension of HB , i.e. dB = dX , and we bounded SB (t) by its maximum
possible value. Plugging in the bound ∆S we obtain the desired area law
SA (tf ) ≤ 2 log(dX ) + 2cT (n − 1)2 khk log(d)
≤ C(n)khk(2X + 2T ) log(d) ,
where C(n) := 2c(n − 1)2 and c from the SIE theorem (w.l.o.g. khkc > 1). This proves
Result 1 in the case of one spatial dimension (since |∂A| = 2X + 2T ).
The proof is essentially the same when space is D-dimensional. The circuit diagram
representation in Fig. 3 holds true. It remains only to compute M, the number of interaction
terms across the boundary between systems B and C. Let n(D, R) be the number of spins
inside a ball of radius R. For a ﬁnite range Hamiltonian with range R, the number of
interaction terms acting on a single spin in the lattice is then at most n(D, R). Ignoring
multiple counting of the same terms, we can bound M by |∂Σ| · n(D, R). Plugging this into
the above ∆S and using SB ≤ |Σ| log d in Eq. (1) proves Result 1.
For the proof of Result 2 ﬁrst note that Fig. 3 does not change neither if both Alice and
Bob are allowed to perform collective measurements at each time step, nor if they reuse
12

ancillas from previous time steps. Further note that only the time interval T is of interest
because before and after it the ancilla a does not interact with any other system. Next we
use the Trotter decomposition in order to arrive to a setting with discrete time steps, in
which we can apply the same reasoning as in the proof of Result 1. Split the time interval
T into m equal intervals, and in each one approximate the time evolution operator using
the (ﬁrst order) Lie-Trotter-Suzuki product formula [40]. The approximate time evolution
operator takes the form:
m
Y

T

T

T

e−i 2m H0 (tl ) e−i 2m Hb,Σ̄ (tl ) e−i 2m Ha,Σ (tl ) ×

l=1

T

T

T

e−i 2m Ha,Σ (tl ) e−i 2m Hb,Σ̄ (tl ) e−i 2m H0 (tl ) ,
where tl is the middle of the l-th time interval tl = tα +

l×T
m

−

T
.
2m

When applied to the

initial state of the system, this sequence of unitary operators is described by the same circuit
T

diagram Fig. 3 with subsystems: A := a, B := Σ and C := Σ̄ ∪ b. I.e. the operators e−i 2m H0
T

T

are represented in Fig. 3 by the gray gates; and e−i 2m Hb,Σ̄ and e−i 2m Ha,Σ by the white gates.
For any m, Fig. 3 and the entropy inequalities in the proof of Result 1, imply that the von
Neumann entropy of the ancilla a is bounded by the spacetime area law corresponding to
the box Σ × T (there are τ = 2m time steps of duration

T
).
2m

This bound holds true for

any m and does not depend on its value. In Ref. [40] it was shown that for a suﬃciently
smooth time dependent Hamiltonian, the error of the Lie-Trotter-Suzuki formula vanishes
as m tends to inﬁnity. Using the continuity of the von Neumann entropy with respect to
the state, we conclude that the same bound holds for the exact time evolution. The bound
on the quantum mutual information follows from the fact that for pure states it is equal to
twice the von Neumann entropy of the reduced state, and the fact that it is non-increasing
with respect to tracing out subsystems [20].
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Appendix A

MAXIMAL BIPARTITE CORRELATION

(This appendix appears online as a supplemental discussion to the article, and is available
also at https://doi.org/10.1038/s41534-019-0171-x.)
We elaborate on our proposal, mentioned in the main text of the article, to deﬁne a maximal measure of bipartite correlation for general quantum processes. The following discussion
is presented in the framework of the process matrix formalism [29]. It is, however, applicable in many other operational approaches for dealing with multipartite signaling quantum
correlations [30–34] since these are closely related to the process matrix formalism.
The operational treatment of multi-time correlations in quantum theory dates back to
Lindblad [41] and Accardi et al. [42]; there, a quantum stochastic process is described by a
multi-time correlation matrix which encodes, for a given choice of measurements, the probabilities for all the possible outcomes at diﬀerent times. Recent developments of this approach [29–32, 34] describe the most general process, involving several agents, as a functional
acting on the space of all possible quantum operations available to them. Such processes can
treat combined spatio-temporal scenarios and can thus be seen as describing a spacetime in
which the agents are embedded, or more generally, a causal structure (see [29, 33, 43–47]).
The process matrix formalism allows to compute the joint probabilities for the outcomes
of quantum experiments performed in local laboratories, without needing to pre-assume a
deﬁnite causal order between the diﬀerent laboratories. It is general enough to describe any
causally ordered scenario [31, 48], as well as experimentally relevant non-causal processes [49–
55]; it also allows for the possibility of the violation of so-called causal inequalities [29, 55–58],
a counterintuitive and so far unobserved phenomenon.
We brieﬂy review the basics of the process matrix formalism. We refer the reader to the
original reference [29], as well as Refs. [50, 59] for more complete introductions. Our choice
of convention for the Choi-Jamiolkowski isomorphism [60, 61] follows that of Ref. [59].
Let H be a ﬁnite-dimensional Hilbert space, we denote by L(H) the space of linear
operators acting on H. We use HAB to denote the tensor product of two Hilbert spaces
HA ⊗ HB . We shall use superscripts such as AI , AO , BI , BO to indicate the Hilbert spaces
on which operators act.
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To every linear map M : L(HAI ) → L(HAO ) corresponds a Choi matrix M ∈ L(HAI AO )
which is given by
dimHAI

M

AI AO

=

X

|iihj|AI ⊗ M(|iihj|)AO .

ij=1

The inverse of this isomorphism is given by the formula

M(ρ) = TrAI M AI AO · (ρAI )T ⊗ IAO ,
where T denotes the transposition in the computational basis. The above equation can be
used to show that M is trace-preserving iﬀ TrAO M AI AO = IAI . Choi’s theorem [61] states
that M AI AO corresponds to a completely-positive (CP) map if and only if M ≥ 0.
A quantum instrument is deﬁned as a collection {Ma } of CP maps, labeled by a ﬁnite index a, which sum to a CPTP map. For an initial state ρ, outcome a is recorded
by the instrument with probability Tr Ma (ρ) and the post measurement state is given by
Ma (ρ)/ Tr Ma (ρ).
We shall deﬁne process matrices in the case of two parties, whose local laboratories have
input Hilbert spaces HAI , HBI , and output Hilbert spaces HAO , HBO respectively. A process
is a positive linear functional W acting on instruments to produce probabilities for the
measurement outcomes. For a given choice of instruments for A and B, we can use the
Choi matrix of the process, W ∈ L(HAI AO BI BO ), to represent the probability for obtaining
outcomes a and b by
p(a, b) = Tr

h


i
MaAI AO ⊗ MbBI BO W T .

The requirement that a process matrix W should produce valid probabilities for all choices
of local quantum instruments (also in the case when the parties share a pre-established
entangled state) forces it to satisfy W ≥ 0, Tr W = dAO dBO , and in addition, it restricts the
process to lie in a subspace of L(HAI AO BI BO ) [50, 59]. The generalization of the deﬁnition
to more than two parties is straightforward.
A general measure of correlations for quantum processes - Let W be an N-partite process
matrix, with parties labeled from 1 to N. To each party j, associate an input Hilbert space
HIj and an output Hilbert space HOj . In addition, to each party associate an ancillary
system of arbitrary dimension, in an initial state |0i ∈ HIj′ . Let each of the parties probe the
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process by having his ancilla interact unitarily with the process, i.e. apply a joint unitary
Uj : HIj ⊗ HIj′ → HOj ⊗ HOj′ .
Given a bipartition of the parties into two sets, after each party interacted with the
process, we can consider the mutual information of the state of the ancillas with respect
to the bipartition, and to optimize over the probing schemes as to obtain the maximum
mutual information possible. Due to the monotonicity property of mutual information with
respect to the partial trace operation, the same maximum is obtained if, instead of the
unitary probing scheme, we allow each party to apply a local CPTP map Mj : L(HIj ) →
′
L(HOj ⊗ HO
) and optimize over all such maps. We shall, therefore, use this description.
j

For a two party process matrix, the state of the ancillas at the end of the experiment,
ρM , is given by the following formula, whose graphical representation is Figure 4.

ρ{M} =


′
BI BO BO
AI AO A′O
T
TrAI AO BI BO W (MA
⊗ MB
) ,

(2)

where MA and MB are the Choi matrices of the local CPTP maps applied by A and B
respectively, and the subscript {M} emphasizes the dependence of the state on the choice
of such maps.
A′O

BO′
AO

MA

BO

W
AI

MB
BI

FIG. 4. Graphical representation of Eq. (2), in the bipartite case, for calculating the ﬁnal state
of the ancillas after all the parties interacted with the process. Here MA and MB are the Choi
matrices of the local CPTP maps MA and MB .

Let (Z : Z̄) be a bipartition of the N parties into two sets Z and Z̄. By maximizing the
mutual information of the ﬁnal state of the ancillas with respect to the bipartition IρM (Z : Z̄),
over all probing schemes M, we get a bound on the maximal amount of correlations that the
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process allows across this bipartition. This leads us to deﬁne the following intrinsic measure
of the strength of correlations allowed by a process:

CW (Z : Z̄) := sup IρM (Z : Z̄) ,
M

where the supremum is taken over all CPTP maps {Mj }N
j=1 and all dimensions for the
ancillary output Hilbert spaces.
Notwithstanding the fact that the ancillary dimensions can increase indeﬁnitely, this
quantity is ﬁnite. It is intuitive that only a ﬁnite amount of information can be shared by
the two parties, as their ancillas are initially in a product state and the correlations between
them are created by the process W , which has ﬁnite dimensions. It can be shown that the
rank of the ﬁnal ancilla state ρ{M} in Eq. (2) is bounded by the products of the dimensions
of HAI , HAO , HBI and HBO . Consider a puriﬁcation of of the local CPTP maps MA and
MB (there is no loss of generality since tracing out the purifying system will only decrease
the mutual information), and apply a Schmidt decomposition to the vectors deﬁning their
(pure) Choi matrices.
A AO A′O

MA I
r
X
i

=
′

|φi iAI AO ⊗ |ψi iAO

r
X

′

hφj |AI AO ⊗ hψj |AO ,

i

where the Schmidt rank r is not greater that min(dAI × dAO , dA′O ). Plugging this into Eq. (2)
gives the desired bound.
The quantity CW (Z : Z̄) is exactly the quantity for which a spacetime area law bound was
obtained in the main article, in the case when W describes a local Hamiltonian evolution.
It is insightful to consider some examples to illustrate the meaning of CW for simple
processes. In the case of two parties, which we label by A and B, let W = ω AI BI ⊗ IAO BO be
a state shared between the two parties. In this case it is straightforward to see that CW (A : B)
is just the usual quantum mutual information of the state ω. Another important example
is when the process is a channel from A to B. In this case the process matrix is given by
W AO BI , the Choi state of the channel W : L(HAO ) → L(HBI ). Here AI and BO are assumed
′
B →BO

to be the trivial Hilbert spaces and, therefore, the CPTP map on B’s side, MBI
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, can be

disregarded as it can only decrease the mutual information. CW (A : B) is then given by the
supremum over all states ω ∈ L(HAO A′O ), of the quantum mutual information of the state
′

′

(IAO ⊗ W AO →BI )ω AO AO , i.e. the state obtained by sending part of ω through the channel.
This quantity is known to be equal to the entanglement-assisted classical capacity of the
channel W [62], which is evidently an upper bound to the ordinary classical capacity of W.
One interesting probing scheme, which is considered in Refs. [33, 59], consists of all
′1

′2

parties performing MA (ρ) = ρAO ⊗ |Φ+ ihΦ+ |AO AO , where |Φ+ i is the maximally entangled
state and A′ := A′1 ⊗ A′2 ∼
= AI ⊗ AO . In this case, the ﬁnal state of the ancillas is equal (up
O

O

O

to normalization), to the process matrix W . This shows that CW is at least as large as the
mutual information of the state ρ = W/ Tr(W ). However, one can ﬁnd examples showing
that CW is in general strictly larger than that. Indeed, let dAI = dAO = dBI = 2, dBO = 1,
and take the (causally-ordered) process
1
W = |Φ+ ihΦ+ |AI BI ⊗ |0ih0|AO + IAI BI ⊗ |1ih1|AO .
4
The mutual information of W/ Tr(W ), across the bipartition (A : B) is 1 bit, while for the
′

′

probing scheme MA (ρ) = |0ih0|AO ⊗ ρAO , MB (ρ) = ρBO , the ﬁnal state of the ancillas has
a mutual information of 2 bits.
In conclusion, we comment that it has recently been suggested that spatial geometry can
be reconstructed from the entanglement structure of certain quantum states [63–66]. Here
we proposed a measure of maximal bipartite correlation which is intrinsic to general quantum
processes. We propose that based on this measure of correlation, similar methods could be
used to reconstruct the spacetime geometry structure of some class of quantum processes.
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