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Recent advances in levitated optomechanics provide new perspectives for the use of rotational
degrees of freedom for the development of quantum technologies. As for the translational case, their
use, especially in the quantum regime, is limited by environmental noises, whose characterization
is thus fundamental to asses, control and minimize their effect, in particular decoherence. Here, we
present a general analytic approach to quantify decoherence for a quantum system in a superposition
of its rotational degrees of freedom. The specific case of the dipole-dipole interaction is solved
explicitly, and we show that the rotational degrees of freedom decohere on a time scale that is longer
than the translational one. Our scheme also provides a straightforward algorithm for computing the
decoherence effect perturbatively, when calculation cannot be carried out exactly.

One of the main challenges of quantum technologies is
to control, if not remove, the noise from quantum sys-
tems; the literature on this subject are vast [1, 2]. Envi-
ronmental influences on the translational degrees of free-
dom of a material system [3, 4] were studied within the
context of scattering theory [5–9] and Brownian motion
[10–13], with important applications to molecular inter-
ferometry [14–16], cold atoms [17, 18] and optomechanics
[19–25].

Recently, rotational degrees of freedom in levitated sys-
tem have triggered the interest of the community for the
new possibilities they offer both for research [26–38], as
well as for technological applications [39–43]. With that
comes the necessity to understand and characterize ro-
tational decoherence from the surrounding environment.
A first master equation was derived in [44], and then ex-
tended in [45] to include translational effects. However
the formalism does not allow for a straightforward appli-
cation to specific situations of interest.

In this letter, we approach the problem of quantifying
decoherence effects on a quantum system initially pre-
pared in a superposition of rotational degrees of freedom,
from a more algorithmic point of view. We first develop
a general and exact expression for the decoherence rate,
which can be applied to every interaction potential be-
tween the system and its surrounding environment, and
at the same time allows for a perturbative resolution.
Then, we provide the explicit and exact form of the
rotational decoherence rate due to a dipole-dipole inter-
action. The resulting formula will show that rotations
can be far less affected by decoherence than translations.
This means the rotational superpositions can be used to
reach longer time-coherences for fundamental studies, as
well as for technology development.

The model.– We consider a non-spherical particle of mass
M , and we focus only on its rotational motion. Its orien-
tation is described quantum mechanically in terms of the
state |Ω〉, representing the system in the angular con-

figuration Ω; This can be obtained by starting from a
reference configuration |0〉 (e.g. with the anisotropy of
the system along the x axis) then applying a rotation

D̂S(Ω) = e−iL̂zγ/~e−iL̂xβ/~e−iL̂zα/~ defined by the three
Euler angles Ω = (α, β, γ) with L̂i representing the angu-
lar momentum operator along the i-th axes [44, 46, 47].
The statistical operator describing the rotational state of
the system is

ρ̂S =

∫
d Ω

∫
d Ω′ ρS(Ω,Ω′) |Ω〉 〈Ω′| , (1)

where ρS(Ω,Ω′) are its matrix elements with respect to
|Ω〉 and |Ω′〉. The system eventually couples to the sur-
rounding environment through the interaction with en-
vironmental particles. The corresponding dynamics is
described by the following master equation [44]

d ρS(α, α′, t)

d t
= −ΛRρS(α, α′, t). (2)

where, to be quantitative, we considered the case where
the system is in a superposition of angular configurations
obtained only from rotations around the z axis. Here, ΛR

is the decoherence rate due to the N particles of which
the environment is made. The latter is defined as

ΛR = n

∫
d k v(k)ρ(k)

∫
d k̂′

∫
d p̂′

8π
|∆fω(kk̂′, kp̂′)|2, (3)

with n = N/V the number density, v(k) = ~k/mgas the
velocity of environment particle of mass mgas, ρ(k) =
4πk2µ(k) the momentum distribution of the environmen-
tal particles and

∆fω(k′,p′) = f(k′,p′)− fω(k′,p′), (4)

where f(k′,p′) is the scattering amplitude, where we
defined ω = α − α′. Here, fω(k′,p′) has the same form
of f(k′,p′) but with k′ and p′ replaced by k′ω and p′ω
respectively, which are the same vectors rotated by the
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angle ω. A derivation of Eq. (2), which differs from that
in Ref. [44], is reported in Supplemental Material [48].

Rotations under the Born approximation.– To further in-
vestigate the properties of the decoherence rate ΛR, we
apply the Born approximation. In this case, fω(kk̂′, kp̂′)
is expressed as [44]:

fω(kk̂′, kp̂′) = −mgas

2π~2

∫
d rV (r) e−ik(k̂

′
ω−p̂′

ω)·r. (5)

Being interested in rotations, we decompose e−ik·r and
the interaction potential in spherical harmonics Yl,m(r̂):

e−ik·r = 4π
∑
lm(−i)ljl(kr)Yl,m(r̂)Y ∗l,m(k̂), where jl(x)

are the spherical Bessel function of the first kind, and

V (r) =
∑
l′′m′′

dl′′,m′′(r)Yl′′,m′′(r̂), (6)

where dl′′,m′′(r) denotes the radial part of the potential
and r̂ = r/r. One obtains:

∆fω(kk̂′, kp̂′) = −8πmgas

~2
∑
lm

∑
l′m′

∑
l′′m′′

Rl,l′,l′′,m′′(k)

×Y ∗l,m(k̂′)Yl′,m′(p̂′)Gl,m,l′,m′,l′′,m′′(ω),
(7)

where

Rl,l′,l′′,m′′(k) =

∫
d r r2jl(kr)jl′(kr)dl′′,m′′(r), (8)

contains the information on the radial part of the poten-
tial, and the angular part is encoded in

Gl,m,l′,m′,l′′,m′′(ω) = (−)m
′
il

′−l
(

1− eiω(m−m
′)
)

×
√

(2l+1)(2l′+1)(2l′′+1)
4π

(
l l′ l′′

m −m′ m′′
)(

l l′ l′′

0 0 0

)
,

(9)

with

(
p1 p2 p3
s1 s2 s3

)
denoting the Wigner 3-j symbol. The

latter vanishes except when s1+s2+s3 = 0 and the num-
bers pj satisfy a triangle inequality: pi ≤ pj + pk, with
i, j, k = 1, 2, 3 but different among them. In particular,
due to the first Wigner 3-j symbol appearing in Eq. (9),
we have always m′ = m+m′′.

Equation (8) simplifies when the radial dependence of
the potential is of the form dl′′,m′′(r) = d̃l′′,m′′/rχ with

d̃l′′,m′′ constant and χ ∈ N. In such a case one has

Rl,l′,l′′,m′′(k) = d̃l′′,m′′kχ−3Il,l
′

χ−2, (10)

where we defined Il,l
′

β =
∫

dx jl(x)jl′(x)x−β which is
characterized by the following recurrence formula, inher-
ited from the properties of the spherical Bessel functions:

Il,l
′

β =
1

(2l′ + 1)

(
Il,l

′−1
β−1 + Il,l

′+1
β−1

)
, with

Il,l
′

0 =

∫
dx jl(x)jl′(x) =

sin
[
π
2 (l − l′)

]
(l − l′)(l + l′ + 1)

.

(11)

Moreover, here we notice that, in the perturbative treat-
ment discussed below, the dominant terms Rl,l′,l′′,m′′(k)
are those with l and l′ small and with a small difference
(l′ − l); the others are suppressed by the larger values of
the denominators in Eq. (11). Given Eq. (9) and Eq. (10),
one has determined the terms of Eq. (7). Once one takes
the square modulus of the latter and integrates it as in
Eq. (3), one gets the rotational decoherence rate.

Since the decomposition in Eq. (6) is fully general and
it can be applied to any potential, the expression in
Eq. (7) for ∆fω(kk̂′, kp̂′) under the Born approximation
is general as well. In particular, it provides a perturbative
technique results for potentials whose exact expressions
cannot be computed. Indeed, one can approximate the
potential V (r) to the first terms of the sum in Eq. (6):

V (r) ' d0,0(r)Y0,0(r̂) +

1∑
m′′=−1

d1,m′′(r)Y1,m′′(r̂) + . . . ,

(12)
and still obtain an analytical expression for ΛR as
well as the corresponding decoherence rate ΛT for the
translational case. For each term, one obtains the cor-
responding Rl,l′,l′′,m′′(k) from Eq. (8), which, together
with Eq. (9), determines Eq. (7) and consequently the
rotational decoherence rate in Eq. (3). In what follows,
we study explicitly the first two contributions with two
explicit cases.

0-th order: Spherical interaction.– Consider the simple
case of an interaction exhibiting spherical symmetry. The
potential is given only by the first term in Eq. (12). This
means that l′′ = 0 andm′′ = 0 in the third sum in Eq. (7),
and, correspondingly, Eq. (9) gives that Gl,m,l′,m′,0,0 is
proportional to(

l l′ 0
m −m′ 0

)(
l l′ 0
0 0 0

)
=

(−1)m

(2l + 1)
δl,l′δm,m′ . (13)

Due to the presence of (1−eiω(m−m′)) in Eq. (9), it follows
that all Gl,m,l′,m′,0,0 are zero, leading to ΛR = 0.

This result is not unexpected. Indeed, the symmetry
of the interaction potential makes f(k′ω,p

′
ω) indepen-

dent from ω, giving ∆fω(k′,p′) = 0. Physically, the
symmetrical interaction between the system and its
environment means that the system interacts effectively
as it was spherical, even if it is not.

1-st order: Dipole-dipole interaction.– The first non-zero
contributions to ΛR are given by the second term in
Eq. (12). These are three contributions with l′′ = 1
and m′′ = −1, 0, 1. Thus, in Eq. (7), one can substi-

tute
∑
l′′,m′′ Sl,m,l′,m′,l′′,m′′ with

∑1
m′′=−1 Sl,m,l′,m′,1,m′′ ,

where S denotes the terms of the sum. For each m′′, one
determines the corresponding Gl,m,l′,m′,1,m′′(ω) through
Eq. (9). Due to the structure of the Wigner 3-j sym-
bols, they are non vanishing only when l′ = l ± 1 and
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m′ = m + m′′, thus imposing
∑
l′m′ Sl,m,l′,m′,1,m′′ →∑

s=−1,1 Sl,m,l+s,m+m′′,1,m′′θl+s in Eq. (7), where θx≥0 =
1 and θx<0 = 0.

We see that, by using the expansion up
to the first order in spherical harmonics of
the potential, Eq. (7) is strongly simplified:

∑+∞
l′=0

∑l′

m′=−l′
∑+∞
l′′=0

∑l′′

m′′=−l′′ Sl,m,l′,m′,l′′,m′′ re-

duces to
∑
s=−1,1

∑1
m′′=−1 Sl,m,l+s,m+m′′,1,m′′θl+s. By

merging these results with Eq. (7), taking its square
modulus and performing the angular integration we find

∫
d k̂′

∫
d p̂′|∆fω(kk̂′, kp̂′)|2 =

64π2m2
gas

~4
∑
lm

∑
s=−1,1

1∑
m′′=−1

|Rl,l+s,1,m′′(k)Gl,m,l+s,m+m′′,1,m′′(ω)|2, (14)

where we took into account that {Yl+s,m+m′′(p̂′) } and

{Y ∗l,m(k̂′) } are two sets of orthonormal functions.

The corresponding coefficients Rl,l+s,1,m′′(k) depend
on the radial behaviour of d1,m′′(r) as in Eq. (8). As an
explicit example, consider the interaction of a magnetic
dipole system with an environment made of magnetic
dipoles, whose form reads [49]

V (r, r̂1, r̂2) =
µ0

4π

γ1γ2
r3

1∑
m′′=−1

am′′Y ∗1,m′′(r̂1)Y1,m′′(r̂2),

(15)
where γi is the modulus of the i-th dipole moment, a±1 =
1, a0 = −2, and r is the distance between the two dipoles.
Here, r̂1 identifies the orientation of the system, while r̂2
that of the environmental dipole. The generalization to

other dipole-dipole interactions is straightforward. Such
a potential can be expressed as in Eq. (6), with the only
contributions given by d1,m′′(r) = d̃1,m′′/r3 with m′′ =
−1, 0, 1 and

d̃1,m′′ = (−)m
′′+1 µ0

4π
γ1γ2Y

∗
1,m′′(r̂1). (16)

Correspondigly, Eq. (10) reduces to Rl,l+s,1,m′′(k) =

d̃1,m′′Il,l+s1 , giving

Rl,l+s,1,m′′(k) =
2 cos(π2 s)d̃1,m′′

(s− 1)(s+ 1)(2l + s)(2l + s+ 2)
.

(17)
Once Rl,l+s,1,m′′(k) and Gl,m,l+s,m+m′′,1,m′′(ω) are de-
termined, see Table I, we substitute them in Eq. (14)
and get

∫
d k̂′

∫
d p̂′|∆fω(kk̂′, kp̂′)|2 =

48π3

~4
m2

gas sin2(ω2 )(|d̃1,1|2 + |d̃1,−1|2)
∑
l,m

(l2 + 2lm+ l +m2 +m+ 1)

[4l(l + 2) + 3]3
. (18)

By summing the series and averaging the above expres-
sion over the possible angular configurations of the sys-
tem, we find

〈
∫

d k̂′
∫

d p̂′|∆fω(kk̂′, kp̂′)|2〉 =
m2

gasµ
2
0γ

2
1γ

2
2

α~4
sin2(ω2 ),

(19)
with α ' 1.24, and we used Eq. (16).

By assuming that the environment is in thermal equi-
librium at the temperature T , then µ(k) is given by the
Maxwell-Boltzmann distribution [4]

µ(k) =

(
~2

2πmgaskBT

)3/2

exp

(
− ~2k2

2mgaskBT

)
. (20)

Thus, by substituting ρ(k) = 4πk2µ(k) in Eq. (3), we get

ΛR =
m3/2

gas

(2π)3/2α~4
µ2
0γ

2
1γ

2
2n
√
kBT sin2(ω2 ). (21)

This is an exact result. The rotational decoherence
rate ΛR depends on

√
T and the angular superposition

distance through sin2(ω/2): it disappears for ω = 0 and
it is maximum for ω = π, which are respectively the
cases of an aligned and anti-aligned superposition.

Dipole-dipole interaction: translational case.– For a com-
parison, we compute the translational decoherence rate
for dipole-dipole interaction. The translational rate
can be obtained applying the following substitution in
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FIG. 1: Comparison of the rotational and translational de-
coherence rates. The level curves of ΛR/ΛT are reported
as functions of the superposition angle ω and distance z.
Here we took as reference values T = 10−4 K (top panel)
and T = 100 K (bottom panel). The gas mass is taken as
mgas ' 10−26 kg (∼ light molecule).

TABLE I: Only non-vanishing terms Gl,m,l′,m′,1,m′′ and cor-
responding values of Rl,l′,1,m′′ for the dipole-dipole interac-
tion, as defined in Eq. (9) and Eq. (17) respectively. For the
rotational case we have only the contributions from m′′ = +1
and m′′ = −1, while for the translational case we also have
the contribution from m′′ = 0. Here we have: l′ = l + s,
m′ = m+m′′. Moreover, θx>=0 = 1 and θx<0 = 0.

s m′′ (−)m
(
1− eiω

)
Gl,m,l+s,m+m′′,1,m′′ Rl,l+s,1,m′′

-1 -1 − i
2

√
3(l+m−1)(l+m)

2π(4l2−1)
θl+m−2θl−1 d̃1,−1

π
8l2−2

-1 0 0 d̃1,0
π

8l2−2

-1 1 i
2
e−iω

√
3(l−m−1)(l−m)

2π(4l2−1)
θl−m−2θl−1 d̃1,1

π
8l2−2

1 -1 i
2

√
3(l−m+1)(l−m+2)

2π(4l(l+2)+3)
d̃1,−1

π
8l2+16l+6

1 0 0 d̃1,0
π

8l2+16l+6

1 1 − i
2
e−iω

√
3(l+m+1)(l+m+2)

2π(4l(l+2)+3)
d̃1,1

π
8l2+16l+6

Eq. (3):

1
2 |∆f

ω(kk̂′, kp̂′)|2 → |f(kk̂′, kp̂′)|2
(

1− eik(k̂−p̂′)·(x−x′)
)
.

(22)
Following a similar strategy as described for the rota-
tional case, in the short length limit (kz � 1 with
z = (x− x′) and z = |z|) we obtain

〈
∫

d k̂′
∫

d p̂′|f(kk̂′, kp̂′)|2(1− eik(k̂−p̂′)·(x−x′))〉

=
m2

gasµ
2
0γ

2
1γ

2
2

α1~4
k2z2,

(23)

with α1 ' 5.27. We thus find the translational decoher-
ence rate

ΛT =

(
2

π

)3/2 m5/2
gas

α1~6
µ2
0γ

2
1γ

2
2n(kBT )3/2z2, (24)

which is proportional to T 3/2 and depends on |x− x′|2.
We can now compute the ratio of the two decoherence

rates, which reads

ΛR/ΛT =
α1

α

~2

8mgaskBT

sin2(ω/2)

z2
. (25)

The latter depends on the superposition distances as
sin2(ω/2)/z2, but most importantly, it scales with the
inverse temperature. Figure 1 shows the ratio of the
two decoherence rates for two values of the temperature
of the environment (10−4 K and 100 K) varying ω and
z. As it is clear from Figure 1, the ratio between the
two decoherence rates decreases by increasing the tem-
perature of the environment, while both rates increase
with the temperature. Moreover, one can conclude that
for a given temperature, the rotational decoherence
time (1/ΛR) can be much longer than the translational
decoherence time (1/ΛT). This corresponds to the green
region in Fig. 1.

Conclusions.– Decoherence is an unavailable feature of
quantum system and, ultimately, sets the limits to the
applicability of quantum mechanics while moving to-
wards the macroscopic realm. Various investigations,
from quantum foundations to applications as quantum
technologies, are inevitably influenced and disturbed by
the environmental decoherence. Although one can try to
minimize such decoherence effects, for example by devel-
oping experiments at low temperatures in ultra-high vac-
uum, the identification of alternative paths for obtaining
longer decoherence time scales would be a game-changer.
The avenue of levitated systems opens vast possibilities
in this respect. Among them, the exploitation of rota-
tional degrees of freedom could be a suitable solution for
extending the decoherence time and thus enabling vari-
ous possible applications of quantum mechanics to more
macroscopic level than before.
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In this work, we proposed a general approach to quan-
tify the environmental decoherence effects on a quantum
system prepared in a superposition of rotational degrees
of freedom. We show that our proposed approach can be
suitably applied to any potential that can be expressed
in terms of spherical harmonics. For instance, we studied
an explicit example: we considered a magnetic dipole
system coupled to an environment made of magnetic
dipoles. The electrical counterpart easily follows. We
obtained the explicit form of the rotational decoherence
rate for such a system. By applying the same approach,
we also evaluated the translational decoherence rate for
such interaction and made a comparison of the two.
It results that rotational degrees of freedom are far
less influenced by decoherence than translational ones.
The advantage of rotational degrees of freedom is even
stronger when moving to higher temperatures, as it is
reported in Figure 1. Thus, our approach can be of
strong interest for the calibration of decoherence effects
also beyond what is usually considered the quantum
realm.
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Supplemental Material

Derivation of the master equation

We assume that at time t = 0 the system and the environment are decoupled, and the total initial state is
ρ̂T = ρ̂S ⊗ ρ̂E, where ρ̂E is the state of the environment. Starting from the configuration Ω, a scattering process at
time t can be described as

|Ω〉 ⊗ |χ〉 scattering−−−−−−→ |Ω〉 ⊗ ŜΩ |χ〉 , (26)

where |χ〉 is a generic state of the environment and the recoil-less limit is considered (M � mgas, where mgas is the

mass of the environmental particle). In this case, the scattering operator ŜΩ acts on the environmental state only.

ŜΩ can be related to the standard unitary scattering operator Ŝ0 acting in Ω = 0, through a rotation from the
configuration |0〉 to |Ω〉: ŜΩ = D̂E(Ω)Ŝ0D̂†E(Ω).

At time t, after the scattering process has taken place, the system matrix elements change to ρS(Ω,Ω′)η(Ω,Ω′),
where

η(Ω,Ω′) = Tr(B)
[
ρ̂EŜ†Ω′ ŜΩ

]
. (27)

To explicitly evaluate the partial trace over the degrees of freedom of the environment, we consider the total system
as confined in a box of volume V , and we assume a thermal equilibrium for the environment, given by the state

ρ̂E =
(2π)3

V

∫
d k k2µ(k)

+∞∑
l=0

l∑
m=−l

|k, l,m〉 〈k, l,m| , (28)

where, we assumed that the momentum distribution of the environmental particles is invariant under rotations, thus
µ(k) = µ(k). Here, |k, l,m〉 is the common eigenstate of the momentum P̂2, the total angular momentum L̂2 and its
z component L̂z of the environmental particle. In particular, the relation between the usual momentum eigenstate
|p〉 and |k, l,m〉 is given by [47]:

〈p|k, l,m〉 = δ(p− k)Yl,m(p̂)/p, (29)

where Yl,m(p̂) denotes the spherical harmonic and p̂ = p/p.
To be quantitative, let us consider the case where the system is in a superposition of angular configurations

obtained only from rotations around the z axis. This will be also the case of interest in most experimental setups,
where one focuses on one direction per time. The state of the system can be then identified by |α〉 = D̂E(α) |0〉, with
D̂E(α) = exp(− i

~ L̂zα). Thus, we have

η(α, α′) =
(2π)3

V

∫
d k k2µ(k)

∑
l,m

〈k, l,m|Ŝ†α′ Ŝα|k, l,m〉 , (30)

where the relation D̂E(α) |k, l,m〉 = e−imα |k, l,m〉 holds. We express the scattering matrix as

Ŝα = D̂E(α)(1 + iT̂ )D̂†E(α), (31)

where T̂ is the T-matrix of scattering theory [47]. Due to the unitarity of Ŝα, one has that −i(T̂ † − T̂ ) = T̂ †T̂ . By
exploiting these relations one finds

η(α, α′) = 1− (2π)3

V

∫
d k k2µ(k)

∑
lm

∫
d p p2

∑
l′m′

(
1− e−i(m−m

′)(α−α′)
)
〈k, l,m|T̂ †|p, l′,m′〉 〈p, l′,m′|T̂ |k, l,m〉 , (32)

where the matrix elements of T̂ can be expressed in the momentum space as [47]:

〈k′′|T̂ |p′′〉 = −δ(k′′ − p′′)f(k′′,p′′)/(2πp′′), (33)

http://dx.doi.org/10.1139/p63-047
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where f(k′′,p′′) is the scattering amplitude. This, together with Eq. (29), brings to

〈p, l′,m′|T̂ |k, l,m〉 = −
∫

d k̂′′
∫

d p′′Yl,m(k̂′′)Y ∗l′,m′(p̂′′)f(kk̂′′, kp̂′′)
δ(p− k)

2π
. (34)

Consequently, one obtains

η(α, α′) =1− t

V

∫
d k

~k
M
k2µ(k)

∑
lm

∑
l′m′

(
1− e−i(m−m

′)(α−α′)
)

∫
d k̂′

∫
d p̂′

∫
d k̂′′

∫
d p̂′′ Yl,m(k̂′′)Y ∗l,m(k̂′)Yl′,m′(p̂′)Y ∗l′,m′(p̂′′)f∗(kk̂′, kp̂′)f(kk̂′′, kp̂′′),

(35)

where we exploited the normalization of the squared Dirac-δ:

(δ(p− k))
2 ∼ ~pt

2πM
δ(p− k), (36)

which is valid under the assumption that the decoherence time is larger than the time of the collision [4] – usually
considered instantaneous.

We now take into account that the spherical harmonics are of the form

Yl,m(k̂) = (−)m

√
(2l + 1)(l −m)!

2π(l +m)!
Fl,m(θk)eimφk , (37)

where (θk, φk) identify k̂ and Flm(θ) is the Legendre polynomial. Consequently, we can rewrite

Yl,m(k̂′′)e−imα = Yl,m(k̂′′α), (38)

where k̂′′α is obtained from k̂′′ after a rotation α around z. Then, the phase in the parenthesis in Eq. (35) can be
absorbed in the spherical harmonics, and we find that

e−i(m−m
′)(α−α′)Yl,m(k̂′′)Y ∗l,m(k̂′)Yl′,m′(p̂′)Y ∗l′,m′(p̂′′) = Yl,m(k̂′′α)Y ∗l,m(k̂′α′)Yl′,m′(p̂′α′)Y ∗l′,m′(p̂′′α). (39)

Now, by exploiting the orthonormality of the spherical harmonics [50]∑
lm

Yl,m(k̂)Y ∗l,m(k̂′) = δ(k̂− k̂′), (40)

we obtain

η(α, α′) = 1− t

V

∫
d k

~k
mgas

k2µ(k)

∫
d k̂′

∫
d p̂′f(kk̂′, kp̂′)

(
f∗(kk̂′, kp̂′)− f∗(kk̂′ω, kp̂′ω)

)
. (41)

The final result is reported in Eq. (2), where one exploits η(α, α′) = 1− tΛR/N , and ΛR is the N -particle decoherence

rate reported in Eq. (3). To derive the latter, we also considered that the state is self-adjoint ρ̂S = ρ̂†S, which implies
η(α, α′) = η∗(α′, α).

Comparison with the translational case.– It is worth to notice that the expression for ΛR in Eq. (3) has the same
formal structure of the master equation describing decoherence for the translational degrees of freedom [44]:

ΛT(x,x′) = n

∫
d k v(k)ρ(k)

∫
d k̂′

∫
d p̂′

4π
|f(k, kp̂′)|2

(
1− ei(k−kp̂

′)·(x−x′)
)
. (42)

Such an equation is obtained by replacing 1
2 |∆f

ω(kk̂′, kp̂′)|2 in Eq. (3) with

f(kk̂′, kp̂′)
(
f∗(kk̂′, kp̂′)− f∗(kk̂′x−x′ , kp̂′x−x′)

)
. Here kx−x′ is the vector k translated in space by the quan-

tity x− x′. This result can be understood once we consider the expression for the scattering amplitude generated by
the potential V (r), under the Born approximation [44], which is given by Eq. (5) with ω = 0, and substitute to Ŝα in

Eq. (30) the scattering operator implementing the translation in space Ŝx = e−ip̂·xŜ0eip̂·x. In this way, one obtains
the expression in Eq. (42).
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Contributions to the dipole-dipole decoherence rate

Here we define

Gαl,m,l′,m′,l′′,m′′ = (−)m
′
il

′−l
(

1− αeiω(m−m
′)
)√

(2l+1)(2l′+1)(2l′′+1)
4π

(
l l′ l′′

m −m′ m′′

)(
l l′ l′′

0 0 0

)
. (43)

With α = 1, this reduces to Eq. (9); while with α = 0, it gives the corresponding contribution for the translational
case. The only non-vanishing contributions are reported in Table II. The terms there reported can be simplified by
considering the following.

First, notice that for a generic function F (l,m), the following relation holds

+∞∑
l=0

l∑
m=−l

θl−m−2F (l,m) =

+∞∑
l=1

l−2∑
m=−l

θl−m−2F (l,m). (44)

Then, by mapping l 7→ l1 = l − 1 and m 7→ m1 = m+ 1, we find

+∞∑
l=1

l−2∑
m=−l

θl−m−2F (l,m) 7→
+∞∑
l1=0

l1∑
m1=−l1

θl1−m1
F (l1 + 1,m1 − 1), (45)

where l1 −m1 ≥ 0 and thus θl1−m1
= 1 for any choice of l1 and m1. By applying this shift of the angular indices in

the entries in Table II for s = −1 with m′′ = +1 and m′′ = −1, one finds that they are like the corresponding ones
for s = 1. With the same idea one proves that the term with s = −1 and m′′ = 0 is equal to that with s = 1 and
m′′ = 0.

TABLE II: Only non-vanishing terms Gαl,m,l′,m′,1,m′′ and corresponding values of Rl,l′,1,m′′ for the dipole-dipole interaction,

as defined in Eq. (43) and Eq. (17) respectively. For the rotational case we have only the contributions from m′′ = +1 and
m′′ = −1, while for the translational case we also have the contribution from m′′ = 0. Here we have: l′ = l+ s, m′ = m+m′′.
Moreover, θx>=0 = 1 and θx<0 = 0.

s m′′ Gα=1
l,m,l+s,m+m′′,1,m′′ Gα=0

l,m,l+s,m+m′′,1,m′′ Rl,l+s,1,m′′

-1 -1 1
2
i
√

3
2π

(−1)m
(
−1 + eiω

)√ (l+m−1)(l+m)

4l2−1
θl+m−2θl−1 − 1

2
i
√

3
2π

(−1)m
√

(l+m−1)(l+m)

4l2−1
θl+m−2θl−1 d̃1,−1

π
8l2−2

-1 0 0 1
2
i
√

3
π

(−1)m
√

l2−m2

4l2−1
θl−1θl−m−1θl+m−1 d̃1,0

π
8l2−2

-1 1 − 1
2
i
√

3
2π

(−1)m
(
1− e−iω

)√ (l−m−1)(l−m)

4l2−1
θl−m−2θl−1 − 1

2
i
√

3
2π

(−1)m
√

(l−m−1)(l−m)

4l2−1
θl−1θl−m−2 d̃1,1

π
8l2−2

1 -1 1
2
i
√

3
2π

(
1− eiω

)
(−1)m

√
(l−m+1)(l−m+2)

4l(l+2)+3
i
√

3
π

2−l−
3
2 (−1)m−l

√
(l−m+1)(l−m+2)

4l(l+2)+3
d̃1,−1

π
8l2+16l+6

1 0 0 1
2
i
√

3
π

(−1)m
√

(l−m+1)(l+m+1)
4l(l+2)+3

d̃1,0
π

8l2+16l+6

1 1 1
2
i
√

3
2π

(
1− e−iω

)
(−1)m

√
(l+m+1)(l+m+2)

4l(l+2)+3
i
√

3
π

2−l−1(−1)m−l
√

(l+m+1)(l+m+2)
2(2l+1)(2l+3)

d̃1,1
π

8l2+16l+6
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