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We discuss the fundamental noise limitations of a ferromagnetic torque sensor based on a levitated
magnet in the tipping regime. We evaluate the optimal magnetic field resolution taking into account
the thermomechanical noise and the mechanical detection noise at the standard quantum limit
(SQL). We find that the Energy Resolution Limit (ERL), pointed out in recent literature as a relevant
benchmark for most classes of magnetometers, can be surpassed by many orders of magnitude.
Moreover, similarly to the case of a ferromagnetic gyroscope, it is also possible to surpass the
standard quantum limit for magnetometry with independent spins, arising from spin-projection
noise. Our finding indicates that magnetomechanical systems optimized for magnetometry can
achieve a magnetic field resolution per unit volume several orders of magnitude better than any
conventional magnetometer. We discuss possible implications, focusing on fundamental physics
problems such as the search for exotic interactions beyond the standard model.

The precision of measurement devices in different contexts is ultimately constrained by quantum mechanics.
For spin-based magnetic sensing, the uncertainty set by
the Heisenberg principle on the magnetic field measured
over a time t by an ensemble of N independent particles
with gyromagnetic ratio γ0 is [1]:
r
1 Γrel
δB ≈
,
(1)
γ0 N t
with the spin relaxation rate Γrel to be replaced by 1/t
in the limit Γrel → 0. Equation (1) is known as spinprojection noise, and results in the so-called standard
quantum limit for independent particles.
A different approach to assessing quantum limitations
on magnetic field sensing has been recently discussed [2]
in terms of an energy resolution limit (ERL). The ERL
relates the magnetic field resolution, the measurement
time and the spatial resolution. It can be expressed by
the simple formula:
SB
V ≥ ~,
2µ0

(2)

where SB (ω) is the power spectral density of the magnetic field noise at angular frequency ω, V is the sensing
volume, ~ is the Planck’s constant, µ0 is the vacuum permeability. The ERL is supported by several technologyspecific arguments although, in contrast with Eq. (1),
there is no rigorous argument supporting its general validity. Nevertheless, it has been empirically confirmed
across a large number of technological platforms and over

many orders of magnitudes of sensing volume. In particular, the most sensitive existing magnetometers, including
SQUIDs, optically pumped atomic magnetometers, and
solid state spins, can approach the ERL in the best cases
[2]. In this respect, the ERL can be considered to be a
useful and physically motivated benchmark to compare
different classes of magnetometers.
However, the ERL should not be regarded as a fundamental limit, and several systems have been indeed
suggested to surpass it [2]. In this Letter we show that
there is a remarkable system offered us by nature, which
can surpass the ERL by many orders of magnitude: a
hard ferromagnet, in which a large number of spins are
effectively locked together by magnetic anisotropy.
A hard ferromagnet can be employed as a magnetic
field or field-gradient sensor by measuring its mechanical
response to an applied magnetic field. This is typically
done by attaching the magnet to a mechanical oscillator.
Well-known applications are magnetic force microscopy
[3] and magnetic resonance force microscopy [4]. Even
more effectively, one can detect magnetic fields by levitating the magnet [1]. For small enough size and slow
enough rotational motion, the angular momentum of a
levitated ferromagnet is dominated by its intrinsic spin,
and the rotational dynamics is gyroscopic. In this regime
the total spin undergoes Larmor precession in an external field, similarly to free atoms. The fact that a ferromagnetic gyroscope can beat standard quantum limits
on magnetometry was pointed out in Ref. [1]. Following this suggestion, ferromagnetic gyroscopes have been
recently proposed as exquisite ultrasensitive sensors for
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fundamental physics, for instance to probe the general
relativistic drag on quantum spin angular momentum [5]
or to detect exotic interactions mediated by axionlike particles [6].
In this Letter we analyze a more common and easily achievable scenario of a levitated ferromagnet in the
tipping regime, where gyroscopic effects are negligible
and the dynamics is purely librational. This is usually the case for micromagnets and macroscopic magnets.
We take into account as unavoidable fundamental noise
sources on a torque measurement the mechanical thermal
noise and the quantum detection noise. Assuming as a
benchmark for the latter the Standard Quantum Limit
on mechanical measurements [7], we find that the ERL
can be surpassed by many orders of magnitude.

the case of recent experimental implementations in which
a magnetic microsphere is levitated either above a type
II [8, 9] or a type I [10] superconductor. In the former
case translational and librational trappings are produced
by pinning to vortices. In the latter, they are determined
by the geometry of the trap. For instance, for a magnetic
dipole placed above a superconducting plane in the absence of vortices, the horizontal position β = 0 is found
to be stable (Fig. 1b). The restoring torque is provided
by the Meissner field, which is equivalent to that produced by an image dipole. Analytical calculations [10]
show that the Meissner field is given by:
Bi = −

µ0
(µx , µy , 2µz ) ,
32πz03

(3)

where z0 is the equilibrium height above the superconductor. For small β the field magnitude is Bi '
µ0 µ/ 32πz03 and the restoring frequency can be written as:
ωβ2 = ωL ωI ,

FIG. 1: (a) Model and conventions adopted. A ferromagnet
with spin S and magnetic moment µ = −γ0 S is trapped
along the x axis. It can harmonically librate around z by
an angle α and around y by an angle β. Application of an
oscillating magnetic field B along y will produce a torque
τ = µ × B along z, driving the librational motion in the α
degree of freedom. (b) Scheme of a ferromagnet above an
infinite superconducting plane (gray region) in the Meissner
regime. In this implementation, harmonic confinement of the
β angle arises naturally due to the interaction with an image
dipole µ0 .

Consider a levitated hard ferromagnet, for simplicity
we take a sphere as in Refs. [8–10]. Let µ = −γ0 S
be the magnetic dipole moment, where S is the total
spin angular momentum and γ0 is the gyromagnetic ratio. We assume that, due to the nature of the levitating
mechanism, the magnetic moment is trapped along the
x direction (Fig. 1a), with harmonic restoring torque
for small librations around z (α angle) and y (β angle)
given by τz = −Iωα2 α and τy = Iωβ2 β. Here, I is the
isotropic moment of inertia and ωα , ωβ are resonance
frequencies of the librational modes. For small angles
α,β in the linear approximation we can write the total
spin as
 S ' S (1,
 α, β) and the angular velocity vector as
Ω ' γ̇, −β̇, α̇ where we have introduced the angle γ
corresponding to a rotation around S. Finally, we assume
that the magnet center of mass is in a stable equilibrium
position and neglect cross-coupling between translational
and librational degrees of freedom.
The situation described by this model is approximately

(4)

where ωL = γ0 Bi is the Larmor frequency in the field
Bi and ωI = S/I is the Einstein-de Haas frequency associated with the spin angular momentum S. For the α
degree of freedom, trapping may arise for different reasons. For instance, in Ref. [10] the α motion was found to
be trapped despite the cylindrical geometry of the trap,
owing to a small symmetry breaking induced by tilt effects.
Following Ref. [5] we write the angular equations of
motion of the dipole as:
J˙ = τi + τ ,

(5)

Ṡ = Ω × S,

(6)

where J = L + S is the total angular momentum with
L = IΩ being the kinetic angular momentum, τi = µ ×
Bi is the restoring torque of the Meissner field Bi , and
τ is an external torque. The latter could be induced
by an additional field B. Equation (6) strictly holds
for hard ferromagnets, i.e., by assuming that the spin
is always locked to the anisotropy axis and is therefore
rigidly attached to the magnet crystal [5, 11].
In the linearized limit the equations of motion can be
expressed in terms of the angles α and β as:
τz
ωα
α̇ − (ωI + γ̇)β̇ + ,
Qα
I
ωβ
τy
2
β̈ = −ωβ β −
β̇ + (ωI + γ̇)α̇ − ,
Qβ
I

α̈ = −ωα2 α −

(7)
(8)

which is a system of two kinetically coupled harmonic
oscillators. Here, damping has been added by hand by
defining phenomenological quality factors Qα and Qβ .
The cross-coupling kinetic terms are characteristic of gyroscopic behaviour. They contain a classical gyroscopic
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term proportional to γ̇, and a Einstein-de Haas term proportional to ωI that expresses the fact that the quantum
spin is a true angular momentum [12]. Indeed, in the
absence of a restoring force the system is predicted to
behave as a gyroscope, exhibiting precession and nutation [1, 5].
From now on, we assume that the system parameters
are such that the cross-coupling terms are negligible. Assuming that the intrinsic rotation γ̇ is negligible, a sufficient condition is that ωI  ωα,β . If the gyroscopic terms
proportional to ωI are significant but relatively small, the
linear system of Eqs. (7) and (8) can still be diagonalized
by a proper change of coordinates. On the other hand,
when ωI  ωα,β the gyroscopic terms become dominant
over the restoring terms, the linearized approximation
breaks down, and one needs to analyze the full nonlinear
gyroscopic dynamics as done elsewhere [1]. In Ref. [6] an
intermediate situation is analyzed in which the angle β
is librationally trapped and the α angle is free, leading
to an interesting mixed librational-precessional regime.
Next, we evaluate the sensitivity of the levitated magnet to an external torque τ , in particular when this is
induced by an external magnetic field B. For negligible gyroscopic effects, the equations are simple decoupled harmonic oscillators. Without loss of generality we
focus on the α degree of freedom and assume that an
optimally oriented magnetic field B = B(0, 1, 0) is applied along the y-axis, as shown in Fig. 1a, leading to a
torque τ = µ × B along z. Moving to Fourier space, the
equation of motion Eq. (7) becomes:
α(ω) = χ(ω)τz (ω),

(9)

where we have defined the librational susceptibility:
1

χ(ω) =
I



−ω 2

+ ωα2 +

iωωα
Qα

,

(10)

and
τz (ω) = −µB(ω)

(11)

is the z component of the torque. By monitoring the
librational motion we can infer the torque, and through
Eq. (11) the applied field B. Thus we can measure B
through a purely mechanical measurement.
The only fundamental noise sources in a mechanical
measurement are thermal mechanical noise and quantum detection noise [7]. Thermal noise, according to the
fluctuation-dissipation theorem [13], can be modeled by
a one-sided spectral density:
SτT = 4kB T Im[χ(ω)−1 ]/ω = 4kB T I

ωα
,
Qα

(12)

where kB is the Boltzmann constant, T the bath temperature and Im stands for imaginary part. The dissipation represented by the imaginary part of χ(ω) includes

all sources of mechanical dissipation, e.g., those arising
from domain magnetic losses and magnons in the levitated magnet, which might set the ultimate limit for
these types of sensors [10].
For the torque quantum noise we adapt an approach
usually applied to linear phase-insensitive force detection
[14] (see Supplemental Information for a detailed derivation) resulting in the Standard Quantum Limit on torque:
"

2 #1/2

ωωα
−1
2
2 2
.
SτSQL ≥ 2~|χ(ω)| = 2~I −ω + ωα +
Qα
(13)
The SQL is generally valid for any Heisenberg-limited
linear motion detector, regardless of the implementation.
Possible detection schemes could be SQUID-based [10],
optical [8, 9, 15] or microwave [16]. In all cases, the
SQL is in principle achievable. For SQUIDs, noise at
factor less than 10 from the SQL has been demonstrated
[17, 18]. It is worth noting that the SQL on mechanical
measurements is not a fundamental limit either, similarly to the ERL, and in principle can be surpassed [19].
However, it can be still considered a useful benchmark
here, as we are interested in assessing if the SQL on mechanical detection implies the ERL in a ferromagnetic
torque-based magnetometer. As shown in the following,
we find that the SQL can be far below the ERL.
From Eq. (11) we can convert both thermal and SQL
torque noise into an equivalent magnetic field noise. In
terms of power spectral density the relation is simply
SB = Sτ /µ2 , where we are still assuming that the field
is optimally oriented. In Fig. 2a we plot the SQL, the
thermal noise, and the ERL noise Eq. (2), all expressed
√
as magnetic field amplitude spectral density, SB , for
realistic parameters demonstrated in Ref. [10], i.e., a ferromagnetic NdFeB sphere with R = 30 µm, levitated
by the Meissner effect at T = 4.2 K with a librational
quality factor Q = 107 . For this setup we estimate the
Einstein-de Haas frequency fI = ωI /2π = 0.188 Hz (vertical line in Fig. 2a). The librational frequency is set to
fα = ωα /2π = 10fI = 1.88 Hz. This value, one order
of magnitude lower than in the current experiment, is
expected to be achievable through a proper control over
the trap tilt [10]. We also show the thermal noise of
a hypothetical advanced but yet realistic configuration
with Q = 109 and T = 50 mK, and the spin projection noise for indipendent spins Eq. (1). It is apparent from Fig. 2a that with a mechanical detection at the
SQL, the ERL is surpassed by many orders of magnitude,
both on resonance and out of resonance. Moreover, the
SQL detection noise is at least two orders of magnitude
lower than the thermal noise, for experimentally demonstrated temperatures and quality factors. It can be seen
that on resonance the SQL curve will also surpass the
spin-projection noise for the same number of independent spins, confirming the results predicted in Ref. [1]
for a gyroscope. This result is remarkable, as Eq. (1)
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holds for independent particles, which is definitely not
the case of a ferromagnet. Instead, for diluted spins with
dipolar coupling, spin-projection noise is known to lead
to the ERL [20].

FIG. 2: (a) Magnetic field sensitivity as a function of frequency for a levitated NdFeB magnetic sphere with radius
R = 30 µm, fα = 1.88 Hz: ERL (blue dotted line), thermal noise at Q = 107 , T = 4.2 K (red dashed-dotted) and at
T = 50 mK, Q = 109 (red dashed), SQL on mechanical torque
(green solid), spin projection noise for independent spins (thin
black dotted). The vertical line represents the Einstein-de
Haas frequency fI = 0.1fα . (b) Subresonant magnetic field
sensitivity as a function of radius R, with fα = 10fI . Lines
corresponding to ERL, thermal, SQL and spin-projection as
in (a). The vertical line marks the radius used in (a). Horizontal lines correspond to effective magnetic fields corresponding
to relativistic frame dragging effects, as discussed in Ref. [5]:
de Sitter effect (purple dashed), Lense-Thirring effect (orange
solid).

In Fig. 2b we illustrate the dependence of SQL, ERL
and thermal noise on the radius R of the levitated magnetic sphere. We set a constant ratio fα /fI = 10, the
same value as in Fig. 2a. This choice implies fα ∝ R−2 .
The SQL is evaluated at subresonant frequency f  fα .
Again, we can see from Fig. 2b that both SQL and thermal noise are well below the ERL.
It is instructive to consider the scaling with the radius. Both thermal noise (assuming constant Q), ERL

and spin-projection noise scale as R−3/2 , while the mechanical SQL scales as R−5/2 . Technically, the additional
dependence of the SQL mechanical noise on R is due to
the different scaling with R of the moment of inertia with
respect to the volume (see Supplemental Information).
Interestingly, the ERL and the SQL are comparable for
R ≈ 1 nm, i.e., at the scale where the ferromagnet approaches the single spin limit. This supports the heuristic explanation provided in Ref. [1], where the ability to
achieve sub-quantum-limited performance is attributed
to the ferromagnet being composed of a large number
N of highly correlated spins, locked together on a welldefined direction by magnetic anisotropy. In this sense
we expect the improvement over the ERL to increase
steadily with N and thus with increasing radius.
Theoretically, the ratio between ERL and SQL increases indefinitely with increasing R. One
√ can predict
−24
Hz for R = 1
magnetic field resolution
down
to
10
T/
√
cm, and 10−29 T/ Hz for R = 1 m. There is a practical
limitation to the apparently unbounded improvement of
resolution with size R: Fig. 2b is obtained by assuming
that the librational frequency fα can be locked to the
Einstein-de Haas frequency fI . The latter drops rapidly
with increasing R, as R−2 . This means that ultrasensitive measurements with larger and larger R become
quickly unfeasible due to timescale reasons. For instance,
for R = 1 cm, the librational frequency becomes of the
order 1 day−1 .

FIG. 3: Exclusion plot from a hypothetical experiment searching for spin-spin interactions between electrons mediated by
an exotic boson. The x axis is the mass of the exchanged
boson, the y axis is the dimensionless spin-spin coupling [6].
We assume a levitated micromagnet with radius R = 0.2 mm,
a rotating polarized sphere actuator of radius 2 mm placed
at distance 4 mm underneath the levitated magnet, and measurement time 106 s. Blue solid (red dashed) lines: theoretical
bound assuming thermal noise at T = 4.2 K, Q = 107 (SQL
noise). Black line and shaded region: exclusion plot from the
best experiment in the literature [24].

Our findings indicate that a magnetomechanical system optimized for ultrasensitive torque measurements
can outperform conventional magnetometers with the
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same volume by many orders of magnitude. For example, magnetometers based on spinor Bose-Einstein condensates (BEC) have reached the ERL for an effective
dimension of ≈ 10 µm [21], and are expected to surpass
the ERL [2] by employing spin squeezing techniques [22]
or using the ferromagnetic phase of the spinor condensate [23]. However, these approaches do not come near
the three to five orders-of-magnitude enhanced sensitivity of a levitated magnetomechanical system of similar
size (see Fig. 2). This is because of the much higher
density of correlated electron spins attainable in ferromagnets as compared to BECs (and other conventional
magnetometers) and the rapid averaging of quantum and
thermal noise via internal interactions [1].
One promising field of application of a levitated torque
sensor is the search for weak fundamental physics effects
which are indirectly equivalent to an effective magnetic
field, such as inertial frame rotations from general relativistic frame-dragging [5] or pseudomagnetic forces arising from exotic interactions beyond the standard model
[6]. For the former case, we show for reference in Fig. 2b
two horizontal lines corresponding respectively to the de
Sitter effect (geodetic precession) and the Lense-Thirring
effect (frame-dragging due to Earth rotation), as discussed in Ref. [5]. Both effects can be modeled as a rotation of the local inertial reference frame with well-defined
angular velocity Ω, which is felt by the ferromagnet electron spins as an effective magnetic field Beff = Ω/γ0 .
Figure 2a shows that a levitated ferromagnet in the tipping limit at SQL can achieve the sensitivity needed to
resolve both effects on the timescale of 1 second for R ≈ 1
cm.
For the detection of pseudomagnetic forces, we consider the case of exotic spin-spin interactions between
electrons arising from the exchange of an axionlike boson. In Fig. 3 we illustrate the potential reach of an experiment based on a levitated magnet with R = 0.2 mm,
corresponding to a torsional frequency fα = 0.04 Hz,
and a rotating polarized source sphere with 2 cm diameter placed at 4 mm distance. We assume that the noise
is limited either by thermal noise with T = 4.2 K and
Q = 107 , or by the SQL mechanical noise. Such an experiment would extend the current experimental bounds
[24] on the dimensionless coupling factor gp2 by three and
six orders of magnitude in the two cases.
In conclusion, we have shown that a ferromagnetic
torque sensor based on a levitated magnet, operated at
low enough thermal noise and readout close to the mechanical SQL, is able to overcome standard quantum limits on conventional magnetometers, and can surpass the
ERL by many orders of magnitude. Remarkably, this
goal appears within reach with existing technology, opening new prospects in fundamental physics experiments
requiring extreme sensitivity.
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Supplemental Material

imprecision noise can be converted into an equivalent
torque noise Sτα = Sα |χ(ω)|−2 . The Standard Quantum Limit (SQL) on torque is then achieved by minimizing the sum of the two contributions, which happens for
SτBA /Sα = |χ(ω)|−2 , yielding a total detection torque
noise at the SQL given by Eq. (13) of main text. In the
subresonant limit ω  ωα , we can simplify this expression to SτSQL ≈ 2~Iωα2 .
Simplified heuristic argument to compare
ERL-limited and SQL-limited performance, and
scaling with R.

A simple and intuitive derivation of the ERL can be
found in Ref. [2]. Assume that a magnetic sensor directly measures the magnetic field Btrue in a volume V ,
providing a measured value B = Btrue ± δB with uncertainty δB. Then the apparent magnetostatic energy in
the volume V can be formally written as:
hEi =

2
δB 2 V
V
Btrue
+
,
2µ0
2µ0

(S.1)

where the second term expresses the energy resolution
associated to the measurement uncertainty. Allowing for
time averaging with integration time t, one can define
a quantity δB 2 V t/ (2µ0 ) with units of action, where
δB 2 t = SB can be interpreted as a magnetic field
power spectral density. By formally equating the timeaveraged energy resolution to ~ one obtains the ERL.
However, in our scheme we perform a mechanical
rather than a magnetic measurement. In order to apply the same argument we need to define the apparent mechanical energy associated with the measurement.
Application of a magnetic field B produces a torque
τ = µB and an angular deflection at subresonant frequency α = τ /κ with κ = Iωα2 . The associated mechanical energy is:
E=

1 2
τ2
µ2 2
κα =
=
B .
2
2κ
2κ

(S.2)

Following the same argument as for the ERL, we can
write the apparent energy associated with the measurement as:
hEi =

µ2
µ2 2
Btrue +
δB 2 .
2κ
2κ

(S.3)

Derivation of the Standard Quantum Limit on
torque detection

The quantum limit can now be derived by relating the
energy resolution per unit bandwidth to ~, as:

We consider an angle detector with imprecision noise
on the angular measurement with (one-sided) spectral
density Sα and a back-action torque noise with spectral density SτBA . For linear phase-insensitive detection
the one-sided spectral densities satisfy the Heisenberg
constraint Sα SτBA ≥ ~2 . At a given frequency the

µ2
δB 2 t ≥ ~,
2κ

(S.4)

which leads to:
SB ≥

2~Iωα2
.
µ2

(S.5)
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This is the same expression of SQL noise that one obtains
from Eq. (13) in the subresonant limit.
Note that, since we have assumed that ωα ∝ fI ∝ V /I,
and taking into account that the magnetic moment µ
scales with the volume V , the SQL noise is found to scale

as 1/I ∝ R−5 . This explains the different scaling of SQL
noise with R with respect to the ERL and the ideal spin
projection noise for N independent particles, both scaling
with R−3 .

