
Entanglement and thermodynamics in
out-of-equilibrium systems

Vincenzo Alba1

1SISSA, Trieste

Trieste, 18/05/2018

Vincenzo Alba Entanglement spreading



Outline

◮ Complexity of out-of-equilibrium quantum matter.

◮ Entanglement and quenches.

◮ Goal: Entanglement dynamics after quantum quenches.

◮ Semiclassical picture & Integrability.

◮ von Neumann vs Rényi entropies.

[V.A. and P. Calabrese, PNAS 114, 7947 (2017)]

[V. Alba and P. Calabrese, Phys. Rev. B 96, 11541 (2017)]

[V. Alba and P. Calabrese, J. Stat. Mech. (2017) 113105]

[V. Alba and P. Calabrese, arXiv:1712.07529 ]

[V. Alba, arXiv:1706.00020 ]

Vincenzo Alba Entanglement spreading



Out-of-equilibrium isolated many-body systems

◮ Question: How do simple descriptions (thermodynamics) emerge in

out-of-equilibrium isolated sytems?

A ∪ B = isolated universe

Unitary dynamics under Hamiltonian H

L, ℓ→ ∞,with ℓ≪ L

time → ∞

◮ Long-time limit of local reduced density matrix? Is it thermal?

ρA ≡ TrBρA∪B
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Wonders of out-of-equilibrium systems
P. P. Rubens, Vulcan forging the Thunderbolts of Jupiter (1637), Prado Museum

“sudden” global
manipulation

isolated quantum
system (T=0)

Theory toolbox:

- Integrability

- DMRG

- Exact diagonalization

- Field Theory methods

Challenge: No unifying theory
framework

|Ψ(
t)〉

= e
−iHt |Ψ(

0)〉

Quantum quench, Floquet dynamics,
adiabatic quench (ramping)
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Out of equilibrium physics in cold-atom experiments
[Kinoshita et al., Nature 440, 900 (2006)]

[Greiner, Nature (2002)]

[Hofferberth, Nature (2007)]

[Trotzky, Nature Phys. (2012)]
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Quantum quenches in isolated many-body systems

Quantum quench protocol

◮ Initial state |Ψ0〉|Ψ0〉|Ψ0〉 ⇒ unitary evolution under a many-body Hamiltonian HHH

{|ψα〉} eigenstates of H |Ψ0〉 =
∑

α cα|ψα〉 |Ψ(t)〉 =
∑

α e iEαtcα|ψα〉

◮ For a generic observable Ô:

〈Ψ(t)|Ô|Ψ(t)〉 =
∑
α,β

e i(Eα−Eβ)(Eα−Eβ)(Eα−Eβ)tc∗αcβÔαβ

◮ Long time ⇒ diagonal ensenble.

〈Ψ(t)|Ô|Ψ(t)〉 = 〈Ô〉DE =
∑

α
|〈Ψ0|ψα〉|

2Ôαα

cα ≡ 〈Ψ0|ψα〉
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Equilibration in integrable models

◮ Integrability ⇒ Local (quasi-local) conserved quantities IjIjIj .

[H, Ij ] = 0, ∀j and [Ij , Ik ] = 0, ∀j , k I2 ≡ H

◮ Include extra charges in Gibbs ⇒ Generalized Gibbs Ensemble (GGE).

ρGGE = 1
Z
exp

(∑
j βjIj

)

[Jaynes, 1957;Rigol,2008]

◮ Generalized microcanonical principle.
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Entanglement: quantum mechanics at its strangest

◮ Einstein-Podolsky-Rosen paradox:

◮ Perfect anticorrelated spin measurements.

Science 356, 1140 (2017)
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Entanglement: quantum mechanics at its strangest

◮ Einstein-Podolsky-Rosen paradox:

◮ Perfect anticorrelated spin measurements.

◮ Haiku view on entanglement:

Up here down there, these bonds are

stronger than time. N.B.

Science 356, 1140 (2017)
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Entanglement entropy in many-body systems

◮ Consider a quantum system in d dimensions in a pure state |Ψ〉

ρ ≡ |Ψ〉〈Ψ|

◮ If the system is bipartite:

H = HA ⊗ HB → ρA = TrBρ

◮ How to quantify the entanglement (quantum correlations) between
A and B?

◮ von Neumann entropy SA = −TrρA log ρA = −
∑

i λi log λi

◮ Rényi entropies S
(n)
A = − 1

n−1 log(Trρ
n
A) = − 1

n−1 log(
∑

i λ
n
i )
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Entanglement dynamics: Semiclassical picture

time

S
A

linear

saturating

◮ Extensive amount of energy ⇒ quasi-particles produced uniformly in the

initial state.

SA(t) ∝ 2t
∫

2|v |t<ℓ

dλv(λ)f (λ) + ℓ
∫

2|v |t>ℓ

dλf (λ)

◮ Requires quasi-particles group velocities v(λ)

◮ f (λ)f (λ)f (λ) cross-section for quasi-particle production.

◮ Exact for free models.
[Fagotti, Calabrese, 2008]

[Calabrese, Cardy, 2005]
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Integrable models (à la Bethe ansatz)

◮ Integrability ⇒ stable families of “single particle” excitations.

◮ Generic eigenstate:

λn,jλn,jλn,j = particle quasimomentum ≈ rapidity.

|{λn,j}〉

◮ Thermodynamic limit ⇒ macrostate ⇒ particle and hole densities

|{ρn(λ), ρ
(h)
n (λ)}〉

◮ # equivalent microscopic eigenstates ⇒ Yang-Yang entropy

SYY ≡ L
∑

n

∫
dλ[ρ

(t)
n log ρ

(t)
n − ρn log ρn − ρ

(h)
n log ρ

(h)
n ]
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Quenches in integrable models

|ρn〉|ρn〉|ρn〉

◮ Key idea: Steady state ⇒ macrostate |ρn〉|ρn〉|ρn〉.

◮ Integrability ⇒ |ρn〉|ρn〉|ρn〉 and S [ρn]S [ρn]S [ρn] can be determined analytically.

eS[ρn] = #eS[ρn] = #eS[ρn] = # of representative eigenstates

S [ρn]S [ρn]S [ρn] = thermodynamic entropy
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Steady state entanglement entropy

◮ Steady-state entanglement entropy density is the thermodynamic entropy.

SA/ℓ = (TrρGGE log ρGGE )/L =
∑

n

∫
dλsn(λ)

◮ Cross section for quasi-particle production is fixed f (λ) = sn(λ)f (λ) = sn(λ)f (λ) = sn(λ):

SA(t)
t→∞
−−−→ ℓ

∑
n

∫
dλsn(λ)
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Entangling quasi-particles

◮ How to identify the entangling quasi-particles?

[J.-S. Caux and F. Essler, Phys. Rev. Lett. 110, 257203 (2013)]

◮ Local observables ⇒ dynamics determined by low-lying excitations around

steady state |ρn〉|ρn〉|ρn〉.

|ρn〉|ρn〉|ρn〉
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Theoretical program

∞t

quantum quench
t=0 Ψ0

t=∞ steady state

representative

state

Semiclassics low−lying
excitations

Post−quench dynamics

SA(t) ∝
∑

k

[
t
∫

|vk |t<ℓ

dλvk(λ)sk(λ) + ℓ
∫

|vk |t>ℓ

dλsk(λ)
]
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Model and quenches

◮ Spin-1/2 anisotropic Heisenberg (XXZ ) chain.

HXXZ =
L∑

i=1

(S+
i S−

i+1 + S−
i S+

i+1 +∆Sz
i S

z
i+1)

◮ Initial states:

|N, ϑ〉 ≡ 1√
2
e iϑ/2

∑
j σ

y

j (|↑↓〉
⊗L/2

+ |↓↑〉
⊗L/2

)

|UP , ϑ〉 ≡ 1√
2
e iϑ/2

∑
j σ

y

j |↑↑ · · · 〉

|MG 〉 ≡ ( |↑↓〉−|↓↑〉√
2

)⊗L/2

Tilted Néel

Tilted ferromagnet

Majumdar-Ghosh (Dimer)

∆ ≥ 1
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Numerical checks: Full time evolution

◮ XXZ chain with ∆ = 2: Quench from Néel state.

0 0.5 1 1.5 2

v
M

t/

0
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S
/

tDMRG
Conjecture

iTEBD
Extrapolations

= 5 - 20

ℓ

ℓ
ℓ

SA(t) ∝
∑

k

[
t
∫

|vk |t<ℓ

dλvk(λ)sk(λ) + ℓ
∫

|vk |t>ℓ

dλsk(λ)
]

◮ Fairly good agreement apart from finite size (time) corrections.
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Numerical checks: Linear growth

iTEBD from [Fagotti et al., 2015]
◮ Quench in the XXZ chain.

S ′ ≡ dS(vM t)
d(vM t)
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SA(t) ∝
∑

k

[
tt

∫
|vk |t<ℓ

dλvk(λ)sk(λ) + ℓ
∫

|vk |t>ℓ

dλsk(λ)
]
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Conclusions

◮ Entanglement dynamics after quantum quenches in integrable
models.

◮ Improved Semiclassical picture using integrability.

◮ Entanglement dynamics encoded in the steady state and low-lying
excitations around it.
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Thanks!
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